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The Slight Distortions Induced by an Electrostatic Field
on Finite Samples of Smectic-A Liquid Crystals

Giuseppe Bevilacqua
INFM and Dipartimento di Fisica, Università di Siena, Via Roma Siena,
Italy

Gaetano Napoli
GNFM and Dipartimento di Matematica, Politecnico di Milano, Piazza
Leonardo da Vinci, Milano, Italy

This paper derives governing equations of the interaction of finite samples of
smectic-A liquid crystals with an electrostatic field. Our model takes into account
effects of the electric field on the layers distortion and vice-versa. The governing
equations are obtained by the principle of virtual work. They are adapted for a
particular problem in order to analyze the phase transition of Helfrich–Hurault
type induced by an electrostatic field on a finite sample of smectic.

Keywords: continuum models; electro-mechanical coupling; phase transitions; smectic
liquid crystals

1. INTRODUCTION

Smectic-A liquid crystals partake some of the essential properties of both
solids and fluids. They possess long range orientational order and one-
dimensional positional ordering. Their rod-like molecules organize them-
selves into layers. The average alignment is represented by an unit vec-
tor n, called the director which is locally perpendicular to the layers. In
the presence of an electric field a liquid crystal tends to align its mole-
cules in a direction parallel or orthogonal to the field, depending on the
dielectric behaviour of the molecules. In smectic-A systems, the rotation
of the molecules drags the distortion of the layers.
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It is known that [6,7] magnetic fields can induce phase transitions
in samples of cholesteric liquid crystals. Theoretical results for the
Helfrich–Hurault transition in infinite samples of smectic-A liquid
crystals can be found in [2]. Stewart in [12] extends the works of
Helfrich [6] and Hurault [7] to finite cells of smectic-A liquid crystals
subject to an uniform pressure and a magnetic or electric field. How-
ever, in all these approaches the electric field is only partially coupled
with the mechanical system in the sense that it can induce layer dis-
tortion, but it is not affected by this latter.

Deuling [3], Gruler et al. [4] and more recently Self et al. [11] pro-
posed a model for nematic liquid crystals where the nematic director
field distortion is fully coupled with the electrostatic field equations.
Similarly, by using continuum mechanics arguments, Napoli [10] pro-
posed a model where the shape equation of the smectic layers is com-
pletely coupled with the electrostatic Maxwell equations, allowing the
electric field to distort the layers and, at the same time, to be modified
by that distortion.

In this paper we propose a variational approach in order to charac-
terize the infinitesimal deformations of flat smectic layers induced by
a finite electrostatic field. Equilibrium equations are obtained through
a variational principle. The so-obtained equations are specialized to a
homeotropic finite cell in order to analyze the phase transition of
Helfrich–Hurault type induced by the electrostatic field.

2. EQUILIBRIUM EQUATIONS

Smectics-A liquid crystals can be viewed as a continuum of surfaces
RðfÞ defined by the equation

xðx; fÞ ¼ 0; ð2:1Þ

where x denotes the position in the space of a point on the surface
characterized by the f parameter. Moreover, smectics-A are character-
ized by the property that the rod-likes molecules in each layer
described by a vectorial field n are orthogonal to the respective sur-
faces. This property is expressed by the relation

n/ ¼ x; affiffiffiffiffiffiffiffiffiffiffiffiffi
x;cx;c

p ; ð2:2Þ

so the tilt of the molecules depends on the layer deformation. In (2.2)
and all formulae below, we understand sum over all repeated greek
indices.

We start from a natural configuration where the layers are flat and
hence, the smectic-A can be described by a bunch of parallel planes.
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Let n0 the homogeneous field director for a cell of a smectic in its natu-
ral configuration. Then let Oðx; y; zÞ be a Cartesian coordinate system
with the third axis parallel to n0. For slight distortions of flat layers,
equation (2.2) becomes

n ’ ð�u; x;�u; y; 1Þ; ju; xj; ju; yj << 1; ð2:3Þ

where the scalar field uðx; y; zÞ represents the layers displacement in
n0 direction. More precisely, the relation (2.3) is obtained by supposing
that for a displacement Eu from the undistorted configuration follows a
distortion Eðn� n0Þ where E is a ‘small’ parameter; in other words for-
mula (2.3) is the approximation OðEÞ of the relation (2.2). For future
developments we assume that the displacement field and its deriva-
tives are OðEÞ, hence we neglect the terms OðE2Þ in equilibrium equa-
tions and the terms OðE3Þ in the energy expression.

2.1. The Variational Principle

By following similar developments pursued in [5] we derive the equi-
librium equations by the principle of virtual work. Let us suppose that
the smectic-A liquid crystal fills a region X of the ordinary Euclidean
space, bounded by a closed surface @X with an outward normal n. The
stored energy per unit of mass W is a state function and we assume
that it depends on ru, Du and p, the electrostatic polarization per unit
mass. Then the total stored energy is the sum of two contributions.
The first one is the elastic energy (see pp. 343 of [2]), including the
nematic energy of distortion (namely the splay and the saddle-splay
terms) and the smectic energy of compression of the layer:

F elast½X� ¼
K1

2

Z
X
½ðu; xx þ u; yyÞ2 þ 4ðu2

; xy � u; xxu; yyÞ�dvþ
�BB

2

Z
X
u2
; zdv;

ð2:4Þ

where K1 and �BB are positive constants. The quantity k ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
K1= �BB

q
is the

characteristic length of the material, of the order of the smectic layer
thickness.

The second contribution to the total energy is due to the interaction
between the field director and the local electric field. By assuming that
the smectic is a perfect insulator, that interaction energy is given by

F int½X� ¼
1

2

Z
X
qpaðv�1Þabpbdv; ð2:5Þ

where q is the mass density and v�1 denotes the inverse of the dielec-
tric susceptibility tensor v. The last one is connected to the usual

Distortions Induced On Smectic-A Liquid Crystals 129=[1083]
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dielectrics nematic tensor e (see pp. 133 of [2]) by the relation
eab ¼ dab þ vab ¼ e?dab þ ðek � e?Þnanb; where dab is the Kroneker sym-
bol. The constants ek, e? > 1 give the dielectric permectivity of the
material along or normal to the molecular axes, respectively. The
quantity ea ¼ ek � e? measures the crystal dielectric anisotropy; it
can assume both positive and negative values.

Let / be the electrostatic potential, which gives rise to the electric
field of components Ea ¼ �/;a; the principle of virtual work is as follows:

d �
Z
X
qWdvþ 1

2

Z
X
/;a/;a dv�

Z
X
q/;apa dv

� �

þ
Z
@X
tdudaþ

Z
@X
madðu;aÞdaþ

Z
@X
red/da ¼ 0;

ð2:6Þ

for all allowed choices of du, dðu;aÞ, dpa and d/. The last three integrals
in this variational expression represent the virtual work of the boundary
pressure t in the displacement direction, the virtual work of the bound-
ary distributed couple m and the virtual work done by the free electric
charge per unit of surface re at the boundary. The second and the third
terms in the bracket are the electric field and the matter-field Lagran-
gian respectively (see for example [5]). Here we have adopted the Lor-
entz–Heaviside units (see for example [8]).

2.2. Euler–Lagrange Equations and Boundary Conditions

The mass conservation equation and the smectic layers inextensibility
restrict the total variation of mass density:

dqþ qn0
adðu;aÞ ¼ 0: ð2:7Þ

This means that the smectic can change its mass density only by com-
pressing or expanding the layers. Consequently we have, by applying
the transport theorem,

d �
Z
X
qWdvþ 1

2

Z
X
/;a/;adv�

Z
X
q/;apadv

� �

¼ �
Z
X
qdWdvþ 1

2

Z
X
½dð/;a/;aÞ þ /;a/;an

0
bdðu;bÞ�dv�

Z
X
qdð/;ap;aÞdv:

ð2:8Þ

Because W depends on ru , r2u and p we easily obtain

qdW ¼ q
@W
@u;a

dðu;aÞ þ
@W
@u;ab

dðu;abÞ þ
@W
@pa

dpa

� �
; ð2:9Þ
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moreover we notice that

dðu;aÞ ¼ ðduÞ;a; dð/;aÞ ¼ ðd/Þ;a � n0
b/;bðduÞ;a: ð2:10Þ

The last relation takes into account that the electric field can change
also because of the layers distortion.

With the aid of equations (2.8), (2.9), (2.10) and of the divergence
theorem, after opportune integrations by parts of (2.6), we obtain

�
Z
@X
ranadudaþ

Z
@X
dðu;aÞMabnb da�

Z
@X
Danad/da

þ
Z
X
ra;adudvþ

Z
X
Da;ad/dv�

Z
X
qðLEa þ /;aÞdpa dv

þ
Z
@X
tdudaþ

Z
@X
madðu;aÞdaþ

Z
@X
red/da ¼ 0; ð2:11Þ

where we have introduced the notations:

ra � q
@W
@u;a

�Mab;b � ðn0
b/;bÞDa �

/;b/;b

2
n0
a ; ð2:12Þ

Da � �/;a þ qpa;
L Ea �

@W
@pa

; Mab � q
@W
@u;ab

: ð2:13Þ

Taking into account the arbitrariness of the fields du, dðu;aÞ, dpa and d/
we arrive to the Euler–Lagrange equations and boundary conditions:

ra;a ¼ 0; Da;a ¼ 0; L E ¼ �/;a; in X; ð2:14Þ

rana ¼ t; Mabnb ¼ ma; Dana ¼ re; on @X: ð2:15Þ

The first and the second equation of the (2.12) represent the momen-
tum equation and the Maxwell electrostatic potential equation,
respectively. The third equation expresses the relation between the
local field LE, a material property, and the Maxwell electric field. This
equation can become more complicated if one takes into account stored
energies that depend on polarization gradient [5].

On the boundary, from equation (2.13) it follows that the internal
stress and couple stress must be balanced by the external actions
t and m; in addition, as it is well known (see for example [8]), since
the smectic is supposed to be a perfect insulator, the orthogonal dielec-
tric displacement component is equal to the induced electric charge
surface density.

The internal stress r includes a torque contribution, which is a
consequence of the orthogonality constraint of the molecules to the
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layers, and an electric one which derives by the Maxwell stress
tensor [5].

By using the expression (2.4) and (2.5), we can write

qW ¼ K1

2
fðP0

abuabÞ2 þ 2½P0
acu;cgP

0
gbu;ab � ðP0

abuabÞ2�g

þ
�BB

2
ðn0

au;aÞ2 þ
1

2
qpaðv�1Þabpb; ð2:16Þ

where

vab ¼ ðe? � 1Þdab þ eaðn0
a � P0

acu;cÞðn0
b � P0

bgu;gÞ: ð2:17Þ

Here P0 denotes the projector in the plane orthogonal to n0, P0
ab ¼

dab � n0
an

0
b. By applying (2.12) and (2.13) we lead to

ra ¼ �K1ðP0
bcu;bcÞ;a þ �BBn0

bu;bn
0
a � eaðn0

b � P0
bcu;cÞ/;bP

0
ag/;g

� ðn0
b/;bÞDa þ

/;bD;b

2
n0
a ;

ð2:18Þ

Da ¼ �e?/;a � eaðn0
b � P0

bcu;cÞ/;bn
0
a þ ean

0
c/cP

0
abub; ð2:19Þ

Mab ¼ K1½P0
cgu;cgP

0
ab þ 2ðP0

acu;cgP
0
g;b � P0

cgu;cgP
0
abÞ�; ð2:20Þ

where we have used the following identity

@v�1
ab

@u;c
¼ �v�1

ag

@vgn
@u;c

v�1
nb ; ð2:21Þ

and the relation

qðv�1Þabpb ¼ �/;a: ð2:22Þ

It is possible to check that the equation (2.19) expresses the classical
relation of proportionality between the dielectric displacement and
the electric field through the dielectric tensor e. This gives us an a
posteriori justification for the F int form.

By inserting equations (2.18), (2.19) and (2.20) into (2.12), we obtain
a coupled system of partial differential equations for the variables u
and /. We remark that the system is linear with respect to the vari-
able u because we have taken into account only slight layer deforma-
tions, while it is not linear with respect to /.

The system of differential equations must be supported by the
boundary conditions. More precisely, on boundary regions where the
fields du, dðruÞ and d/ are arbitrary the right hand quantities of

132=[1086] G. Bevilacqua and G. Napoli
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the conditions (2.13) must be a datum of the problem. On the contrary,
when the variation of the fields du, dðruÞ and d/ are null on a sub-
region of the boundary the right hand quantities are given by solving
the problem. As we will show in the next section, intermediate situa-
tions are obviously possible.

3. MODIFIED HELFRICH-HURAULT CRITICAL FIELD
EQUATIONS

Now we adapt our equations for a particular problem. Let us suppose
that the smectic liquid crystal fills the region X � f0 � x � a;
0 � y � b; 0 � z � dg; in an ideal experiment the planes placed at
z ¼ 0 and z ¼ d can be worked as two electrodes of a capacitor. Let
us suppose that the smectic is simply supported on the boundary [9];
so the molecules stick on the boundary but with a free orientation:

u ¼ 0; on @X ð3:1Þ

m ¼ 0; on @X: ð3:2Þ

By using equations (3.1), (2.20) and the second of the (2.13), the bound-
ary conditions (3.2) become

u; xx ¼ 0 in x ¼ 0; a u; yy ¼ 0 in y ¼ 0; b: ð3:3Þ

We impose electrical boundary conditions, by assigning a voltage dif-
ference V between the plates placed at z ¼ 0 and z ¼ d

/ðx; y; 0Þ ¼ 0; /ðx; y;dÞ ¼ V; ð3:4Þ

while on the lateral faces we request that the electric charge vanishes,
so we have

re ¼ 0; in x ¼ 0;a and y ¼ 0; b: ð3:5Þ

Then the equilibrium equations (2.12) with the boundary conditions
(3.1–3.5) admit the trivial displacement solution

u ¼ 0; everywhere; / ¼ V

d
z: ð3:6Þ

However, this may not be the only solution. As in the classical
Helfrich-Hurault effect, we assume that there is a critical potential
Vcr at which a solution bifurcation can occur. Then we study the sol-
ution of the equilibrium equations in a neighborhood of the critical
voltage. Let us suppose, according to perturbation theory, that the
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unknown potential field can be written as

/ ¼ /cr þ u ð3:7Þ

where u is a small perturbation to the critical potential field /cr; we
suppose that u and its derivatives are OðEÞ. Even, let us suppose that
the critical potential gives rise to a uniform critical electric field

Ecr ¼ �r/cr ¼ �Vcr

d
n0; /cr ¼

Vcr

d
z ð3:8Þ

where Vcr is the voltage between the two electrodes when the smectic
switches from unperturbed to distorted configuration. /cr is a solution
of the field equations in case of null deformation and voltage between
the electrodes Vcr. For future developments we pose Ecr ¼ jEcrj.

When the electric voltage between the two electrodes is exactly Vcr,
we can take

uðx; y; 0Þ ¼ 0; uðx; y;dÞ ¼ 0: ð3:9Þ

Now, we look for solutions of the form:

uðx; y; zÞ ¼ vðx; yÞu0 sin
p
d
z

� �
; uðx; y; zÞ ¼ wðx; yÞu0 sin

p
d
z

� �
; ð3:10Þ

where u0 and u0 have been introduced in order to work with dimen-
sionless quantities vðx; yÞ, wðx; yÞ. Such choice of the fields u and u
satisfy automatically the boundary conditions (3.1), (3.2) and (3.9),
and allows us to restrict the study of the problem to the two dimen-
sional region �XX ¼ f0 � x � a; 0 � y � bg bounded by the closed curve
@ �XX. The equilibrium equations take the form

D2
Rvþ

p
kd

� �2
v� ea

K1
E2

crDRvþ
u0

u0K1
EcreaDRw ¼ 0; ð3:11aÞ

DRw� ea
e?

þ 1

� �
p
d

� �2
wþ Ecr

ea
e?

u0

u0

DRv ¼ 0; ð3:11bÞ

where DR and D2
R are the Laplacian and biharmonic operator in the

ðx; yÞ-plane.
The boundary conditions for u and / on the surface @X lead to the

following boundary conditions for v and w on the contour @ �XX

v ¼ 0 on @ �XX; ð3:12Þ

v; xx ¼ 0 in x ¼ 0; a; v; yy ¼ 0 in y ¼ 0; b; ð3:13Þ

134=[1088] G. Bevilacqua and G. Napoli
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e?u0w; x þ eaEcru0v; x ¼ 0; in x ¼ 0; x ¼ a; ð3:14aÞ

e?u0w; y þ eaEcru0v; y ¼ 0; in y ¼ 0; y ¼ b: ð3:14bÞ

We remark that if the perturbation potential w vanishes, the equation
(3.11a) takes the classical form which allows to find the classical
Helfrich-Hurault critical electric field. Nevertheless such choice does
not satisfy automatically the equation (3.11b); in fact a further hypoth-
esis is required in order to hold the equation (3.11b): its last term must
be zero. In nematic literature [13] this hypothesis is called magnetic
approximation and it consists in putting ea ¼ 0 in the Maxwell equa-
tion. Consistently, we put w ¼ 0 and ea ¼ 0 in the boundary conditions
(3.14); so that are trivially satisfied. With this hypothesis, our problem
is identical to the homogeneous version of the problem treated in the
section 3 of the Stewart’s paper [12].

Within the magnetic approximation one finds that non-trivial sol-
ution of equations (3.11) with homogeneous boundary conditions are
possible for several values of Ecr. The smallest one is the Helfrich-
Hurault critical field:

Ecr ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2

K1

ea

p
kd

� �s
ea < 0; ð3:15Þ

for a voltage difference V such that jVj > jVcrj ¼ Ecrd the layers undu-
lation is energetically preferred with respect to the undistorted con-
figuration.

The complete coupled case is carefully discussed in [1]. We resume
here the principal features:

. As in the classical case, non trivial solutions are possible only for
negative values of dielectric anisotropy ea < 0.

. The critical field depends also on the ratio between ek and e? and not
only on their difference as in the classical case.

. When the sample contains a great number of layers it is possible to
give an analytical expression for the critical field. Then Ecr is great-
er than the classic one.

4. CONCLUSIONS

We have presented a model describing the interaction of an insulator
smectic liquid crystal with an electrostatic field. Our model goes
beyond the literature approach [2,12] in which the electrostatic field
is not affected by the smectic deformation. We have adapted our
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equations in order to study a Helfrich-Hurault type transition in a
finite cell of smectic-A liquid crystal with homeotropic alignment.
Thus, we have obtained and discussed a new system of differential
equations to determine the critical field of the transition.
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